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Introduction

Illicit drugs are drugs whose use, possession or sale is illegal
these drugs include cocaine, heroin and methamphetamine.

Illicit drug use and related crime has imposed significant costs in
different countries such as US, Australia, Japan, and South
Africa.

Methamphetamine is a powerful addictive stimulant that affects
many areas of the central nervous system.

Effects of MA includes increased energy and self confidence,
heightened sense of sexuality, appetite suppression and weight
loss
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Introduction

Prolonged use of it is usually characterized by severe weight loss,
higher risky of seizures, violent behaviour, confusion, impaired
concentration and memory, and mood disturbances.

Long term use increases the risky of contracting HIV and other
infectious disease due to injection drug use and sexual risky
behaviour.

Motivation
Dramatic increase in treatment demand for drugs and its
implications to public health.
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Introduction

Objectives

To study the dynamics of methamphetamine abuse.

To investigate the impact of behaviour change in
methamphetamine abuse.

To investigate the possibility of backward bifurcation in the
developed model and its implications to public health.

To investigate conditions under which methamphetamine abuse
will persist or die out of the population.

To project the number of methamphetamine users.

To determine the incidence of methamphetamine abuse, that is
estimating the number of individual who use methamphetamine
abuse for the first time.
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Data presentation

Table: Patients with methamphetamine as primary or secondary
substance of abuse

Year 1996b 1997a 1997b 1998a 1998b 1999a
MA users 0 0 2 0 1 2

Year 1999b 2000a 2000b 2001a 2001b 2002a
MA users 6 10 12 14 17 21

Year 2002b 2003a 2003b 2004a 2004b 2005a
MA users 32 81 121 429 668 884

Year 2005b 2006a 2006b 2007a 2007b 2008a
MA users 952 1451 1413 1356 1209

Year 2009a
MA users 1837
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Model formulation
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Figure: Flow diagram for the model
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Model formulation

Parameters

Parameter Description
β Transmission rate
σ A rate of becoming a hard user
γ Uptake rate into treatment
ψ A rate of reversion to light drug use
r Reinfection rate to being a hard drug user
ρ1, ρ2 Permanent recovery rate
δ1, δ2 Removal rates related to drug use
π Recruitment rate
θ Proportions of individuals who progress fast into UH

µ Natural mortality rate
η Relative infectivity of UH when compared to UL

q Measures of behavioural change
τ A rate in which individuals starts drug on their own
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Model formulation

Assumptions

No removal or death related to drug use from light users
compartment

The removal or death related to drug use is different between
hard drug users and drug users in treatment

Hard drug users have low probability of generating new drug
users than light drug users
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Model formulation

Model equations

dS

dt
= πNP − (µ+ λ)S

dUL

dt
= λS(1− θ) + ψUH − (µ+ σ + ρ2)UL

dUH

dt
= λSθ + σUL + rλUT − (µ+ γ + ψ + δ1)UH

dUT

dt
= γUH − (µ+ ρ1 + δ2 + rλ)UT

dQ

dt
= ρ2UL + ρ1UT − µQ
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Model formulation

Model equations

where

λ = e−q(δ1UH+δ2UT )

[

τ + β

(

UL + ηUH

NC

)]

. (2)

The mathematical analysis of system of equations (1) is not straight
forward due to nonlinearities. We consider the case q = 0 and we
leave the case q > 0 for numerical analysis for simplicity.
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Model formulation

Equilibria points

We express equilibria points in terms of λ as

S∗ =
πNP

λ∗ + µ
, (3)

U∗

L = πλ∗NP

{

rλ∗ [γ (1− θ)− θψ]− θψb3

ω

}

(4)

−πλ∗NP

{

b2 (1− θ) (rλ∗ + b3)

ω

}

,

U∗

H = πλ∗NP

{

(rλ∗ + b3) [−σ (1− θ)− θb1]

ω

}

, (5)

U∗

T = πγλ∗NP

[−σ (1− θ)− θb1]

ω
, (6)
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Model formulation

Equilibria points

Q∗ = −πλ∗NP

{

γ [σ (1− θ) θb1] ρ1 + rλ∗ [−γ (1− θ) + θψ] ρ2
µω

}

−πλ∗NP

{

rλ∗[θψb3 + b2 (1− θ) (rλ∗ + b3)]ρ2
µω

}

,

(7)

where

b1 = (µ+ σ + ρ2)

b2 = γ + ψ + µ+ δ1

b3 = (ρ1 + µ+ δ2)

q1 =
σψ

b1b2
ω = (λ∗ + µ) [σψ (rλ∗ + b3) + b1 {rγλ

∗ − b2 (rλ
∗ + b3)}] .
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Model formulation

Equilibria points

Substituting U∗

L , U
∗

H , U
∗

T and N∗

C = S∗ + U∗

L + U∗

H + U∗

T + Q∗ into
(2), we obtain

G (λ) = Aλ3 + Bλ2 + Cλ + D = 0, (8)

with

A = πrµNP (1− θ) (γ − b2)− πrµσNP (1− θ)− πrθµψNP

−πrθµb1NP + πrρ2NP (1− θ) (γ − b2)− πrθψρ2NP

B = −πrβγµNP (1− θ)− πγµσNP (1− θ)− πrγµτNP (1− θ)

+πrµστNP (1− θ) + πrβθµψNP + πrµσψNP + πrθµτψNP

+πrγµb1NP − πγθµb1NP + πrθµτb1NP − πrµb1b2NP

+πrβµb2NP (1− θ) + πrµτb2NP (1− θ)− πθµb1b3NP

−πµb2b3NP (1− θ)− πµσb3NP (1− θ)− πθµψb3NP

+πrβµσηNP (1− θ) + πrβθµb1ηNP − πγσρ1NP (1− θ)

−πγθb1ρ1NP − πrγτρ2NP (1− θ) + πrθτψρ2NP
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Model formulation

Equilibria points

+πrτb2ρ2NP (1− θ)− πθψb3ρ2NP − πb2b3NP (1− θ) ρ2

C = πγµστNP (1− θ)− πrµστψNP − πrγµτb1NP

+πrµτb1b2NP + πµστb3NP (1− θ) + πβθµψb3NP

+πθµτψb3NP + πθµτb1b3NP + πβµb2b3NP (1− θ)

−πµb1b2b3NP + πβµσb3ηNP (1− θ) + πβθµb1b3ηNP

+πγθτb1ρ1NP + πθτψb3ρ2NP + πτb2b3ρ2NP (1− θ)

+πγθµτb1NP + πµσψb3NP + πµτb2b3NP (1− θ)

+πγστρ1NP (1− θ)

D = πµτb1b2b3NP (1− q1) .
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Model formulation

Equilibria points

If τ = 0, D becomes zero and the polynomial becomes

G (λ) = λ(Aλ2 + B1λ+ C1) = 0, (9)

where

B1 = πrβθµψNP − πrβγµNP (1− θ)− πγµσNP (1− θ)

+πrµσψNP + πrβθµb1NPη − πrµb1b2NP

+πrγµb1NP − πθµψb3NP − πb2b3NPρ2 (1− θ)

−πγθµb1NP + πrβµb2NP (1− θ)− πµσb3NP (1− θ)

−πθµb1b3NP − πµb2b3NP (1− θ) + πrβµσNPη (1− θ)

−πγσNPρ1 (1− θ)− πγθb1NPρ1 − πθψb3NPρ2,

C1 = πβµb1b2b3NP

[

θψ

b1b2
+

(1− θ)

b1
+ η

{

σ (1− θ)

b1b2
+

θ

b2

}]

−πµb1b2b3NP (1− q1) .
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Model formulation

Equilibria points

Drug free equilibrium
E0 = (S∗,U∗

L ,U
∗

H ,U
∗

T ,Q
∗) = (πNP

µ
, 0, 0, 0, 0).

Methamphetamine epidemic threshold R0

R0 =
β

(1− q1)

[

θψ

b1b2
+

(1− θ)

b1
+ η{

σ(1− θ)

b1b2
+

θ

b2
}

]

.

The interpretation of R0 is as follows:
1

b1
refers to the duration methamphetamine users spends in light

drug use stage,
1

b2
the duration methamphetamine users spends in hard drug

use stage,

θψ

b1b2
+

(1− θ)

b1
is the contribution of light drug users,

η

{

σ(1− θ)

b1b2
+

θ

b2

}

is the contribution of hard drug users.
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Model formulation

Equilibria points

If τ > 0 we have the polynomial (8) with A < 0, D > 0, B either
positive or negative and C expressed as

C = πµb1b2b3NP(1− q1)[R(τ)− 1]

where

R(τ) =
(β + τ)

(1− q1)

[

θψ

b1b2
+

(1− θ)

b1

]

+
(βη + τ)

(1− q1)

[

σ(1− θ)

b1b2
+

θ

b2

]

+
γτ

(1− q1)

[

σ(1− θ)

b1b2b3
+

θ

b2b3

]

+
γτρ1

µ(1− q1)

[

σ(1− θ)

b1b2b3

]

+
γτρ1

µ(1− q1)

[

θ

b2b3

]

+
τρ2

µ(1− q1)

[

θψ

b1b2
+

(1− θ)

b1

]

+
rτ

(1− q1)

[

(µ+ δ1)(µ+ σ + ρ2) + ψ(µ+ ρ2)

b1b2b3

]

.

Note that when τ = 0, R(τ) = R0.
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Model formulation

Equilibria points

Therefore, when q = 0 and τ > 0 we have the following results

Theorem

a unique drug persistent equilibrium if Rτ > 1,

one drug persistent equilibria if B < 0 and Rτ < 1,

at most three drug persistent equilibria if B > 0 and Rτ < 1,

no drug persistent equilibrium otherwise.

Remark

In the presence of innovators, drug persistence is always guaranteed.

We were unable to explicitly determine the equilibria, but the analysis

has been helpful in showing that drug use will always persist.
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Numerical Results

1998 2000 2002 2004 2006 2008
0

200

400

600

800

1000

1200

1400

1600

1800

2000

Years

D
ru

g 
U

se
rs

 in
 T

re
at

m
en

t

Figure: Shows the change in the population of individuals under
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Numerical Results
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Figure: Shows the change on prevalence over time.
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Numerical Results
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Figure: Shows the change on incidence with time.
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Numerical Results
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Figure: Shows the change on force of infection over time.
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Numerical Results
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Figure: Shows the change on prevalence over time.
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Numerical Results
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Figure: Population of light drug users.
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Numerical Results
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Figure: Polpulation of hard drug users.
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Numerical Results

1996 1998 2000 2002 2004 2006 2008 2010
0

1

2

3

4

5

6

7
x 10

5

Time

P
re

v
a
le

n
c
e

q=0.01

q=0.02

q=0.03

q=0.04

q=0.05

Figure: Shows the impact of behaviour change on prevalence.
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Numerical Results
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Figure: Shows the impact of behaviour change on incidence.
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Numerical Results
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Figure: Shows the impact of behaviour change on light drug users.
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Numerical Results

1996 1998 2000 2002 2004 2006 2008 2010
0

2000

4000

6000

8000

10000

12000

Years

P
o
p
u
la

ti
o
n
 o

f 
H

a
rd

 D
ru

g
 U

s
e
rs

q=0.01

q=0.02

q=0.03

q=0.04

q=0.05

Figure: Shows the impact of behaviour change on hard drug users.
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Numerical Results
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Figure: Impacts of uptake rate into treatment (γ) on prevalence.
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Conclusion

There more light drug users than hard and drug users in
treatment.

There more than 227.600 drug users.

The number of drug users as well as prevalence can be reduced
by increasing uptake rete through increasing treatment centers.

The number of drug users can also be reduced by having
intervations which focuses on light drug use class.

It can also be reduced by having prevention or intervention
programs which focuses on changing behaviour.
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